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An experimental investigation on the formation of dynamic hydraulic jumps in an oscillating rectangular

container was performed using a high-resolution, high-speed digital imaging system. The present work investigates

driven angular roll oscillations using a state-of-the-art motion simulator and a transparent rectangular container. A

hydraulic jump was observed traversing between the walls of the tank when the container was oscillated near the

surface-wave resonance frequency based on liquid depth. The hydraulic jump was imaged and its characteristics

weremeasured using image processing software. It was found that the directionally based hydraulic jump formation

frequencymatches the driven frequency. However, the phase difference between the two is dependent on the ratio of

the driven frequency to resonance frequency. Furthermore, the spatial characteristics of the jump are dependent on

the amplitude and frequency of the oscillation.

Nomenclature

A = simulator offset
B = tank length, m
f = driven frequency, Hz
f0 = resonant frequency, Hz
g = gravitational acceleration constant, 9:8 m=s2

H = tank height, m
h0 = initial depth, m
R = correlation coefficient
t = time, s
ymax = maximum tank deflection distance, m
� = wave height with respect to initial depth, m
� = tank angle, deg
�0 = oscillation amplitude, deg
� = tank phase, deg
! = angular frequency, rad=s

Introduction

L IQUID dynamics in moving containers is of special interest to
air, marine, and ground vehicles, due to the movement of the

liquid, or slosh, in the container and the resulting impact forces it
produces on the walls of the container. Slosh can influence the
stability and control systems of air vehicles, and care must be taken
when designing a tank so that the sloshing impact forces can be
controlled [1–3]. Furthermore, sloshing in partially filled liquid
containers can significantly alter the motion of cargo ships [4,5] and
has also been shown to enhance the flammability limits of jet fuel,
especially at the lower flammability limit [6,7]. Studies on liquid
sloshing note the formation of a nonlinear multiphase event
characterized by an air/liquid turbulent region when the vessel is

oscillated at the resonance frequency of the liquid in the container.
This phenomenon is known as a hydraulic jump.

Ahydraulic jump is characterized by a rapid change in liquid depth
with a turbulent region between the two depths and can be classified
as either stationary or dynamic [8]. Stationary hydraulic jumps
typically form in channel flows with a static location at which the
flow transitions from a supercritical to subcritical state. Dynamic
hydraulic jumps similarly represent this flow transition; however,
their location and physical characteristics constantly change. Both
types of hydraulic jumps consist of distinct flow regimes and spray
regions (Fig. 1).

At the base of a hydraulic jump, an entrained air shear layer forms
and propagates the length of the jump. Above this shear layer are
multiple recirculation regions in which a great deal of liquid/air
mixing occurs. At the top of the jump, three distinct spray regions are
produced: an aerosol/fog region, a spray/mist region, and a large-
droplet region [9]. However, the latter research used intrusive
measurements that are not appropriate for dynamic environments in
which the physical properties of the jump could be altered by the
measurement device.

A review of the literature shows a distinct void in experimental
investigations into dynamic hydraulic jumps, although there are a
number of theoretical investigations using various methods for
attempting the modeling and prediction of such dynamic hydraulic
jumps. In a model by Verhagen and vanWijngaarden [10], the Chu–
Ying–Lin method was applied and is based on a theoretical analysis
of resonance oscillations in a gas column that allowed the formation
of a shock wave to be modeled as a mathematical discontinuity
[11,12]. The technique was adapted for an analysis on hydraulic
jump formations at or near the resonance frequency of the liquid,
with the hydraulic jump being the equivalent of a shock wave in gas
dynamics. This model was compared with a small-scale experiment
conducted by the researchers, and some agreement was noted for
shallow liquid depths and oscillation amplitudes below 4 deg. This
study remains one of the few published experimental investigations
on dynamic hydraulic jumps.

Since this research, manymodels have been constructed with little
experimental validation employing different mathematical treat-
ments, such as potential flow theory [5], Glimm’s method [13,14],
finite element method [15], and finite difference method [16]. Many
of these models had limitations related to modeling of liquid
dynamics with tank-oscillation amplitudes greater than 1 deg [16] or
with the liquid depth approaching the length of the tank [5]. Such
numerical schemes have difficulty with the depth discontinuity
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introduced by the hydraulic jump and, with the limited experimental
data available for validation purposes, are prone tomisinterpretation.
Furthermore, they also have difficulty predicting the phase of the
hydraulic jump and therefore cannot predict the location of the
hydraulic formation [13].

Although there are numerous theoretical models that attempt to
provide an accurate portrayal of the complex liquid dynamics within
a partially filled oscillating container, the lack of experimental
research on this phenomena does not provide for such models to be
validated. The current research determines the minimum limiting
tank-oscillation parameters that yield hydraulic jumps and applies
image analysis of flow visualization to quantify several spatial char-
acteristics of the hydraulic jump. The scale of this research allows for
the results to be applied to numerous practical applications on the
same order when the mass of liquid, container size, and environment
are markedly similar. The goal of this research is to use visual data
coupled with spatial measurements to assist with furthering the
theoretical models of a liquid in a partially filled container through
the use of nondimensional characteristic parameters describing the
driven-tank oscillation as well as the resulting hydraulic jump.
Furthermore, this research aims to enhance the understanding of past
research when the formations of hydraulic jumps are undesirable.

Theoretical Considerations

As mentioned in the previous section, numerous theoretical
studies provide insight into the necessary oscillation conditions that
produce hydraulic jumps. For this present study, the coordinate
system shown in Fig. 2was considered [10]. Two coordinate systems
provide a theoretical basis for characterizing the liquid free surface in
the tank, coupledwith themotion of the testfixture. These coordinate
systems will also be referred to when discussing shallow-water flow
theory.

The coordinate systems contain the stationary coordinate system
ofO–x0y0 and themoving coordinate system ofG–xy, which rotates
about the origin O. The moving coordinate system moves with the
tank, with its origin G located at the center point on the base of the
tank. The inclination angle of the tank is given as �, and the surface
height relative to the initial rest surface in the dynamic coordinate
system is represented as �. The rest height of the fluid from the fixed
coordinate system is denoted as H, and the rest height of the liquid

from the bottom of the tank is denoted by h0. Three-dimensional
effects will not be analyzed in this study.

For shallow depths at which h0 � B, shallow-water wave theory
[17] can be used tomodel the liquid-surface height [10]. It was found
that the liquid-surface height function is not defined when the driven
frequency of the tank approaches the resonance frequency f0 of the
liquid depth [10,13], as defined in Eq. (1):

f0 �
�gh0�1=2

2B
(1)

Methods and Materials

A complete description of the testing facility and setup is
described in [18], and a brief synopsis is presented in the current
section. To replicate generic roll aircraft dynamics, a hydraulically
activated Sarnicola Hexad AIES six-degree-of-freedom motion
simulator was employed. The platform of this motion simulator,
shown in Fig. 3, has six degrees of freedomprovided by six hydraulic
actuators controlled through proprietary computer software, was
designed to replicate aircraft maneuvers, and, for the purpose of this
research, served in replicating a rolling oscillation of an aircraft wing.

Typically, fuel is stored between several baffled regions within an
aircraft wing, as shown diagrammatically in Fig. 4. To replicate a
single baffled section of the wing fuel tank, a rectangular container
was constructed that provided optical access to three spatial planes
through the top, side, and front. The optical access surfaces were
constructed of Lexan, with the other walls fabricated from steel.

The tank had overall internal dimensions of 1.9m (73 in.) by 1.2m
(48 in.) by 0.94 m (37 in.), yielding a maximum capacity of 2:1 m3

(563 gal), and will provide a larger test article than in past
experiments, as discussed in the previous section [10]. To provide
extra support to the walls of the tankwhile undergoing dynamic fluid
motion, a steel skeletal structure surrounded the container and was
constructed of 6.35-mm-thick (0.25-in.-thick) steel tubing. A
SolidWorksModel of the entire tank and simulator setup is shown in
Fig. 5 with corresponding dimensions.

The dynamic motion of the fluid in the container undergoing a
rolling motion was visualized and analyzed using a high-speed

Fig. 1 Regions of a hydraulic jump.

Fig. 2 Coordinate system for the oscillating tank.

Fig. 3 Six-degree-of-freedom motion simulator.

Fig. 4 Typical construction of baffled fuel tanks within an aircraft

wing.
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digital complementary-metal-oxide-semiconductor camera, high-
power lights, and in-house software developed for a PC. The camera
had a resolution of 1280 � 1024 pixels and was positioned at a
height of 1.93m (76 in.) at a distance of 2.24m (88 in.) from the front
wall of the tank fixture. Two 500W overhead lights were positioned
above the tank to illuminate the flow, and a 20 mm lens was attached
to the camera and captured the full field of view of the test apparatus.
The digital imaging system acquired video at 75 Hz for a total of 15 s
at the start of the oscillation. Because preventing the initial formation
of a hydraulic jump in liquid-cargo containers is critical in transport-
container design, the current research focused on the transient startup
condition. All images were stored in the onboard camera memory
and then transferred to the computer via the USB 2.0 connection
upon completion of each test for analysis. The complete test setup is
shown diagrammatically in Fig. 6.

Test Conditions

Three liquid depths of water were selected for the examination of
liquid-separation phenomena in oscillating containers and are shown
in Table 1, along with the resonance frequency based on depth
calculated from Eq. (1). These depths were selected based on their

low resonance frequencies and are on the fringe of shallow-water
wave-theory approximation and have practical implications.

The tank was oscillated at frequencies ranging between 0.20–
0.35 Hz for the 0.265 m depth, 0.25–0.40 Hz for the 0.371 m depth,
and 0.25–0.50 Hz for the 0.530 m depth at specific maximum tank
deflection angles �0 of 2.42, 3.50, and 4.71 deg. Furthermore, the
tank oscillation was started at the maximum deflection angle, with
care taken to ensure that the fluid was static before starting the
oscillation. This prevents any transient effects from the shifting of the
tank to the initial angle that could affect the formation characteristics
of the hydraulic jump. The oscillation frequency was incremented at
steps of 0.05 Hz. The roll angle of the tank, �, as a function of time is
described in Eq. (2) for each liquid depth, at which a slight offset A
had to be introduced due to a bias in the motion simulator when the
center of gravity was shifted from its manufactured position. The
asymmetry of thematerials (steel and Lexan) of the tankwalls caused
this shift in the center of gravity:

��t� � �0 sin�!t� �� � A (2)

Results

The flow visualization and data analysis strategy used to examine
and characterize hydraulic jumps in the oscillating tank employed a
calibration coefficient of 1:8 mm=pixel to the digitized images, with
the angle of the tank at the time of the jump formation being
determined fromobservations of the angular position � of the corners
of the tank. However, it should be noted that the dynamics of theflow
have been considered two-dimensional for the purposes of the
following analysis. Although it is recognized that the flowwithin the
jump and along the side walls would be three-dimensional, the
location of the jumps were, to first-order approximation, considered
as a two-dimensional wave propagating across the tank. Overhead
visual observation of the dynamic fluid motion in the tank affirmed
this assumption. The length of the tank was also measured in each
hydraulic jump image to ensure the accuracy of the results. Because
the length of the tank is known to be 1.90 m, this was used as a
baseline for the accuracy of the measurement technique. As a result,
it was found that the spatial measurements are within a 2%
uncertainty.

Hydraulic Jump Formation

It was found that when the tank was oscillated at a driven
frequency near the resonance frequency, a hydraulic jump was
observed traversing between the walls of the tank. The formation of
the jump is shown in the following digital images from a 0.265 m
liquid-depth test, oscillated at a roll amplitude of 4.71 deg and a
frequency of 0.30 Hz. A surface wave forms at the start of the
oscillation of the tank, shown in Fig. 7. This wave propagates against
the incomingflowdirection. The speed of this wave increases and the
top of the wave begins to move at a greater speed than that at the
bottom of the wave. This occurs due to the residual fluid moving in
the opposite direction of the propagating surface wave (Fig. 8). As a
result, the wave breaks and air is entrained into the liquid (Fig. 9),
producing a hydraulic jump that is characterized by a rapid change in
depth, separated by a turbulent region and the ejection of spray from
the surface (Fig. 10).

Note that three types of hydraulic jump conditions were observed.
The first type was a single jump that typically formed at the lower-
frequency oscillation during the second rotation of the tank. The
formation of subsequent jumps was inhibited by the spray from the
impact of the initial hydraulic jump on the end wall. The second type
of jump condition was a transitional jump that only occurred on the
clockwise rotation of the tank (one jump per oscillation period).
Similar to the single-jump condition, the spray from the incident
jump inhibited the formation of the subsequent jump. However, the
reflection of the subsequent wave off of the opposite end wall with
limited spray allowed the wave to continue to accelerate and form a
hydraulic jump. The final condition observed was an oscillatory
condition in which hydraulic jumps formed on each rotation and

Fig. 5 Diagrammatic sketch of simulator and slosh tank.

Fig. 6 Arrangement of test facilities.

Table 1 Liquid depths and fundamental
resonance frequency [Eq. (1)]

Liquid depth, m Resonance frequency, Hz

0.265 0.42
0.371 0.50
0.530 0.60
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counter-rotation of the tank. This typically occurred on the near-
resonant oscillation frequencies and/or large oscillation amplitudes.

In each of the two lower depths, hydraulic jumps were only
observed at the frequencies shown in Table 2 for different roll angle
amplitudes, whereas the upper depth did not exhibit a hydraulic
jump. The 0.265 m depth exhibited hydraulic jump formations for

oscillation frequencies of 0.30 and 0.35 Hz at all three of the tested
amplitudes. The 3.50- and 4.71-deg-amplitude cases produced a
single hydraulic jump after the first tank oscillation at the 0.25 Hz
oscillation frequency, whereas the 2.42 deg exhibited a single-jump
condition at the 0.30 Hz oscillation frequency. A transitional
condition was observed at an oscillation amplitude of 3.50 deg and
frequency of 0.30 Hz for this depth. Oscillation frequencies above
0.35 Hz were not tested as part of the current research. When the
depth was increased to 0.371 m, fewer tested frequencies produced
hydraulic jumps.

Hydraulic jumps were not observed in the 2.42-deg-amplitude
tests for frequencies up to 0.40 Hz for this depth. The 3.50-deg-
amplitude condition produced only left-to-right traveling jumps at a
frequency of 0.40 Hz, with its reflected counterpart not being
observed. The 4.71 deg amplitude produced oscillatory jumps
(incident and reflected jumps on the rotation and counter-rotation of
the tank) for the 0.35 Hz condition and single jumps for the 0.30 Hz
oscillation frequency. Frequencies above 0.35 Hz were not tested for
this roll amplitude because two lower-frequency conditions yielded
hydraulic jumps, and the goal of the current research was to
determine the minimum driven oscillation factors conducive to
hydraulic jump formation.

Finally, at a depth of 0.530m (approximately half the height of the
tank), hydraulic jumps were not observed for test frequencies up to
0.50 Hz. Although this frequency is near the resonant frequency of
the depth (0.60Hz), limitations in the height of the tank prevented the
formation of a hydraulic jump. The top of the tank prevented the
initial wave from reflecting off of the end wall. As the wave
interacted with the end wall, it would impact the upper wall and
disrupt the reflection of the wave. This suggested that for an enclosed
tank, the tank height must be greater than two liquid depths for
hydraulic jump formation to occur.

Location of the Hydraulic Jump

The location at which a fully developed hydraulic jump occurs as
the tank undergoes oscillation was determined from measuring its

Fig. 7 Initial formation of wave.

Fig. 8 Breaking of wave/start of hydraulic jump formation.

Fig. 9 Continued development of hydraulic jump showing air

entrainment.

Fig. 10 Fully developed hydraulic jump and spray ejection.

Table 2 Driven frequencies at which hydraulic jump
formation was observed

Roll angle
amplitude

2.42 deg 3.50 deg 4.71 deg

0.265 m 0.30, 0.35 Hz 0.25, 0.30,
0.35 Hz

0.25, 0.30,
0.35 Hz

0.371 m None
(<0:40 Hz)

0.40 Hz 0.30, 0.35 Hz

0.530 m None
(<0:50 Hz)

None
(<0:50 Hz)

None
(<0:50 Hz)
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position with respect to the angle of the tank at a specific time in its
trajectory. Figure 11 shows a typical graphical result of the location
of hydraulic jumps in 0.265 m depth as the tank is oscillated at an
amplitude of 3.50 deg for oscillation frequencies of 0.25 Hz (solid
line), 0.30 Hz (dashed line), and 0.35 Hz (dotted–dashed line).
Hydraulic jumps were not observed during the first oscillation. This
was due to the fluid initially starting at rest at the inclined angle and
requiring at least one oscillation to establish the liquid flow
conditions and provide sufficient kinetic energy to the liquid through
the driven-tank motion.

Although fully developed hydraulic jumps were first observed at a
driven frequency of 0.25 Hz, only three jumps were recorded out of
ten analyzed tests at this frequency. In this case, the formation of each
of the jumps occurred after the first oscillation of the tank (shown by
the diamond data points in Fig. 11) and did not occur during the
remainder of the tank motion.

For the 0.30 Hz (triangular data points) and 0.35 Hz (square data
points) oscillation configurations, hydraulic jumps occurred on the
clockwise and counterclockwise rotation of each cycle of the tank,
but only after the initial cycle. For these frequencies, this occurred for
five consecutive tests at each frequency and no further tests were
analyzed. It was observed that the hydraulic jump formation appears
to oscillate at the same frequency with the tank, but notably out of
phase with the driven-tank oscillation. Furthermore, the angle of the
tank at which the hydraulic jump form changes with the tank
frequency. Most notable is the difference in the hydraulic jump
formation oscillation between the 0.30 and 0.35 Hz conditions.
Between the two frequencies, the hydraulic jump oscillation appears
to invert, with the first hydraulic jump in the 0.30 Hz condition
forming near the maximum tank angle and the initial hydraulic jump
in the 0.35 Hz condition forming near the minimum tank angle.

Height of the Hydraulic Jump

The hydraulic height of each of the jumps was measured using
digital imaging software. A typical hydraulic jump height profile is
shown in Fig. 12. This profile, from the 0.265 m depth and 0.35 Hz
configuration, shows the height of the hydraulic jump when it first
forms in the tank on each oscillation.

The height of each hydraulic jump appears to oscillate throughout
the tank motion, and it is suggested that the spray from the wall
impact of the previous hydraulic jump affects the formation of the
subsequent jump. Also of note is that the increased amplitude of the
oscillation increases the hydraulic height of the jump, due to the
increased gravitational force.

The height of the hydraulic jump was normalized by the initial
depth of the liquid. The effect of the initial liquid depth on the
normalized hydraulic height was examined by comparing the
average hydraulic jump height for the 0.265 and 0.371 m depths
(recall that the 0.530 m depth did not exhibit a hydraulic jump).
Figure 13 shows the hydraulic height of each jump throughout the
oscillation at a 4.71 deg amplitude and 0.35 Hz and shows that the
hydraulic jumps appears to form slightly earlier in the tank oscillation

for the deeper fluid. Furthermore, it also demonstrates the
complexities of the hydraulic jump formation. Different temporal
variations in the normalized height are observed between the two
volumes despite having similar tank-oscillation conditions. This
suggests that the spray volumes produced from the initial hydraulic
jump have a significant effect on the formation of the subsequent
jump. The effect is greater when the hydraulic jump height is a
greater percentage of the initial liquid depth, due to greater spray
production. This notion is not often reflected in sloshing models.

Furthermore, similar trends in the hydraulic jump height variation
with time were observed for the two depths, with an oscillatory
pattern appearing for both depths. From Fig. 13, the difference in the
normalized hydraulic jump heights between the depths varied by as
little as 20% for the jump at 6.4 s into the oscillation and by as much
as 38% for the jump formed 10.7 s into the oscillation.

The average hydraulic height measured for each of the oscillation
conditions was determined. Each oscillation condition was then
normalized by the ratio of the maximum vertical deflection distance
of the tank oscillation (ymax) to the initial depth of the liquid (h0)
multiplied by the ratio of the driven frequency f to the theoretical
resonance frequency f0 [Eq. (1)]. An expression of the normalized
oscillation condition is shown next:

ymax

h0
� f
f0

(3)

When the normalized hydraulic height is plotted against the
normalized oscillation condition for the tested depths, an
approximately linear trend is observed (Fig. 14). This trend suggests
a correlation between the factors in Eq. (3) and the size of the
hydraulic jump. Furthermore, it suggests that larger jumps are
observed near the resonance frequency of the liquid depth at large
deflection angles. This is consistent with theory, as the strength of the
jump (or height) should increase with increasing gravitational force

Fig. 11 Hydraulic jump formation for 0.265 m depth and 3.50 deg roll

amplitude.
Fig. 12 Hydraulic heights for the 0.265 m depth at 0.35 Hz frequency.

Fig. 13 Hydraulic height for two depths at 4.71 deg amplitude and
0.35 Hz frequency.
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(or tank roll amplitude). Also, the strongest jumps should be
observed at the resonance frequency of the liquid. Until now, the
effects these parameters have on the hydraulic jump characteristics
have not been measured. In addition to this relation, a secondary
trend was also observed relating the size of the hydraulic jump and
the nature of the jump oscillation.

As suggested by Fig. 13, the formation of the initial jump and its
impact on the end walls has an effect on the formation of the
subsequent jump. In this test series, the observed hydraulic height
effect yielded three distinct regions. Normalized heights
approximately between 0.3 and 0.5 typically only produced a
solitary jump near the beginning of the oscillation. The impact of this
jump on the endwall and resultant spray disturbed the propagation of
the reflected surface wave, reducing the energy of the reflected wave
below critical flow conditions.

Within the transitional region (normalized heights between 0.5
and 0.65), multiple jumps were observed during the oscillation;
however, they typically were monodirectional. Similar to the single-
jump case, the spray from the previous jump reduced the energy of
the reflected surface wave below critical conditions, inhibiting the
formation of an opposite-traveling subsequent jump.When thiswave
reflected off of the opposite end wall, normally yielding little spray,
the inertial force of the wave is increased due to the counter-rotation
of the tank. This results in a critical-to-supercritical wave, resulting in
a hydraulic jump. This process is repeated throughout the oscillation.
Above this region is an oscillatory region in which hydraulic jumps
are typically large and occur during each rotation and counter-
rotation of the tank near-resonant frequency conditions.

The hydraulic height-to-length ratio (Fig. 1) was measured from
the digital video as a function of the time after the initial jump
forms (presented in Fig. 15) and provides insight into how the
physical characteristics of the hydraulic jump evolve from the time it
forms to the time it impacts the end wall.

The larger of the two lower depths, 0.371 m, produced a steeper
initial jump than the smaller depth. However, the height-to-length
ratio of the jump in the larger depth quickly decreased as it neared the
end wall of the tank. The height-to-length ratio of the jump in the
0.265 m depth decreased at a slower rate. This may be caused by the
jump in the larger depth being a weaker jump and therefore not being
as stable. The 0.265 m depth has an additional data point in Fig. 15,
because the jump formed earlier in the oscillation and therefore had
not reached the end wall 0.20 s after it formed. Both sets of data
suggest a linear trend in the hydraulic height-to-length ratio with
time. The high correlation coefficients for each liquid depth suggest a
constant change in the physical properties of the jump from the time it
forms to the time it interacts with the end walls of the tank.

Froude Number

Typically, hydraulic jumps such as those formed in shallow
channels are characterized by a nondimensional parameter known as

the Froude numberFr. This characteristic number relates the ratio of
the inertial forces to the gravitational forces for a given flow
condition. A hydraulic jump forms when the inertial forces of a wave
exceed the sustainable wave speed, or wave celerity, for a given
liquid depth, yielding a Froude number greater than unity. This is
known as supercriticalflow,whereasflowswith Froude numbers less
than 1 are called subcritical. Characteristic of subcritical and
supercritical flows is the direction of propagating surface waves. In
subcritical flows, the surface-wave propagation occurs with and
against the fluid flow.On the other hand, waves in supercritical flows
propagate with the flow direction at a velocity greater than the wave
celerity of the flow depth [19]. Typically, the Froude number can
give an indication into the relative strength of the hydraulic jump,
with larger Froude numbers indicating a jump with greater energy
dissipation.

The Froude number for each visualized hydraulic jump was
determined using a numerical expression derived by Defina and
Susin [20] based on the measured upstream and downstream
hydraulic jump depth for upward-sloping channels. Table 3 shows
the average Froude numbers of the hydraulic jumps for each
oscillation condition. The � in the table denotes that a test was
conducted at this condition but a hydraulic jump was not observed,
although bidirectional surface waves were present, indicating a
subcritical flow condition (Fr < 1). A test was not conducted for the
case of the 0.371 m depth, 4.71 deg amplitude, and 0.40-Hz-
frequency oscillatory condition, because jumpswere observed at two
lower-frequency conditions. The table illustrates that the Froude
number is dependent on not only the frequency of the oscillation, but
the amplitude as well. For example, the 3.50 deg amplitude and
0.35 Hz oscillation frequency (0.265 m depth) yielded multiple
jumps with an average Froude number of 2.5, whereas an oscillation
condition of 4.71 deg amplitude and 0.30 Hz oscillation frequency
yielded stronger jumps (Fr� 2:8) despite this oscillation frequency
being further from a resonant condition. The table also suggests that
to have a hydraulic jump formation, the oscillation frequency must
approach the resonant frequency as the oscillation amplitude is
reduced.

As suggested in Table 3, the characteristic Froude number and
relative strength of the hydraulic jump are dependent on multiple
parameters involving the nature of the tank oscillation. When the
Froude number is plotted against the normalized oscillation
condition [Eq. (3)] (Fig. 16a) and the normalized hydraulic height

Fig. 14 Normalized hydraulic height for given normalized oscillation

condition.

Fig. 15 Hydraulic height/length ratio for two depths at a 0.35 Hz

oscillation frequency.

Table 3 Hydraulic jump Froude numbers

Test condition Amplitude
Depth Frequency, Hz 2.42 deg 3.50 deg 4.71 deg

0.265 m 0.25 � 1.4 2.1
0.30 1.6 2.1 2.8
0.35 1.8 2.5 3.1

0.371 m 0.30 � � 1.5
0.35 � � 2.1
0.40 � 1.7 No test
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(Fig. 16b), clear trends can be observed. In Fig. 16a, the expected
result of stronger hydraulic jumps forming near-resonant oscillation
conditions is observed. In addition, the figure also demonstrates that
the strength of the hydraulic jump affects the nature of the liquid
oscillation. Lower Froude numbers often result in oscillation
conditions that only produce a single hydraulic jump during the
second oscillation of the tank. Higher Froude numbers tend to result
in hydraulic jump formation during the rotation and counter-rotation
of the tank for each oscillation. This tends to occur for oscillations
near resonance frequency and/or high-oscillation amplitudes. This
notion is also reflected in Fig. 16b, with a much higher correlation
being observed.

Conclusions

High-speed, high-resolution imaging systems were used for flow
visualization and spatial measurements of dynamic hydraulic jumps
in oscillating tanks using water as the specimen fluid. When the tank
was oscillated at a frequency near the theoretical resonance
frequency of the liquid depth, a hydraulic jump was observed. This
jump formed at the same frequency as the driven-tank frequency but
was out of phase with the driven oscillation. Each oscillation
condition produces hydraulic jumps with unique spatial character-
istics that have not been previously measured.

Quantification of theflow imageswas also able to provide accurate
spatial measurements of each hydraulic jump not seen in numerical
studies. These results show that increasing the amplitude of the
oscillation also increases the height of the hydraulic jump. If
the amplitude is doubled, an increase between 25 and 40% in the
hydraulic height was observed, due to the increased inclination angle
of the tank, resulting in greater shifting of the liquid. As a result, a
drastic depth change occurs across the surface wave. This causes the
increased size in the hydraulic jump due to the need for the jump to
dissipate a greater amount of energy. Furthermore, the height of each
jump appears to oscillate throughout the tank oscillation, suggesting
that spray from the previous jump impact on the end wall of the tank
affects the height of the following jump.

For the depths and oscillation conditions studied in this research,
the ratio of the hydraulic height to the rest depth of the liquid was
measured. A stark contrast in the normalized hydraulic height was
observed between the two depths. The shallower depth produced
normalized heights between 0.75 and 0.91, whereas the 0.371 m
depth had normalized heights ranging between 0.52 and 0.63.
Although the two depths were tested at the same oscillation
conditions (amplitude and frequency), the shallower depth produced
higher normalized heights, due to the driven oscillation frequency
being near the resonance frequency of the shallow depth. The spatial
heights, however, were similar, suggesting an independence of depth
on the hydraulic height of a jump at a given frequency. When the
oscillation condition was normalized (Fig. 14), a linear trend in the
hydraulic height was observed as the oscillation condition
approached the resonance frequency at a high deflection angle.
This new insight into the spatial characteristics of a hydraulic jump
can aid in enhancing the numerical models that only predict the
location of hydraulic jumps and not their size.

The evolution of the spatial characteristics of the jump was also
measured (Fig. 15). As the jump progresses toward the tank end
walls, it grows longer in length, whereas the height of the jump
decreases. Several of these spatial characteristics can provide insight
into the strength of the hydraulic jumps,which is crucial for container
design for land-, air-, and sea-based vehicles.

The strength of a hydraulic jump is often reflected in the
nondimensional characteristic Froude number. Conditions that
produce higher Froude number hydraulic jumps tend to be less
affected by the liquid dynamics induced by the previous impacting
hydraulic jump. The data suggest that this type of oscillatory
condition can occur for oscillation frequencies near resonance and/or
large oscillation amplitudes, as shown in Fig. 16. Furthermore, large-
angle oscillations can produce hydraulic jumps with higher Froude
numbers at lower oscillation frequencies, showing a significant
dependence on oscillation amplitude, even at small angles. Small-
angle approximations are typically used in oscillating tank models,
whereas the experimental data suggest that even a 1 to 2 deg increase
in oscillation amplitude can have significant effects on the jump
formation, performance, and type of liquid-motion condition.

Note that these jumps form in the early critical phase at the start of
the oscillation when hydraulic jumps are not desirable. Theymay not
represent the steady-state jump characteristics after several
oscillations. However, the liquid dynamics during the transient
initial oscillation phase are parameters that are crucial for liquid-
cargo tank design and for understanding how to prevent the
formation of the transient jump during the start of an undesirable
oscillation. Steady-state results may reduce the scatter in the current
data, yet the transient results still portray the predominant features of
the dynamic hydraulic jump accurately. The difference between the
transient startup phase and steady-state phasewill be examined under
future programs.

The viscosity of the specimen fluid was not considered under the
current program, but this parameter may have an effect on the
hydraulic jump performance. Fluids with high viscosity may not be
as conducive to forming hydraulic jumps as water, due to their
resistance to flow and produce surface waves. Care must be noted
when applying the current results to sloshing models involving other
specimen fluids. Fluids such as hydrocarbon fuels and oil are of
interest for this type of study, due to their prevalence in different
shipping methods, and will be considered in future projects.

Because numerous studies have focused on theoretically
predicting and characterizing hydraulic jumps in oscillating
containers, the current research provides valuable experimental data
for the validation of such computational models.
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